Gravitational instabilities play an important role in structure formation of gas-rich highredshift disc galaxies. In this paper, we revisit the axisymmetric perturbation theory and the resulting growth of structure, by taking the realistic thickness of the disc into account. In the unstable regime, which corresponds for thick discs to a Toomre parameter below the critical value Q 0,crit = 0.696, we find a fastest growing perturbation wavelength that is always a factor 1.93 times larger than in the classical razor-thin disc approximation. This result is independent of the adopted disc scale height and by this independent of temperature and surface density. In order to test the analytical theory, we compare it with a high resolution hydrodynamical simulation of an isothermal gravitationally unstable gas disc with the typical vertical sech 2 density profile and study its break-up into rings that subsequently fragment into dense clumps. In the first phase rings form, that organise themselves discretely, with distances corresponding to the local fastest growing perturbation wavelength. These rings later on contract to a thin and dense line, while at the same time accreting more gas from the inter-ring region. It is these dense, circular filaments, that subsequently fragment into a large number of clumps. Contrary to what is typically assumed, the clump sizes cannot be predicted from the simple perturbation theory. The ring properties are very well determined by the fastest growing wavelength of the Toomre instability analysis for thick discs. The number of clumps and their properties on the other hand depend on the physics of filament break-up in an evolutionary phase where the disc has already developed strongly non-linear, high-density regions. We find that the disc scale height has to be resolved initially with 5 or more grid cells in order to guarantee proper growth of the ring structures, which follow the analytical prediction. This corresponds to 18 grid cells per Jeans length.
INTRODUCTION
Observations of massive galaxies at high-redshift have revealed rotating discs (Förster Schreiber et al. 2009 ) with large gas fractions (Daddi et al. 2010 ) and high velocity dispersion. Their morphology is irregular and often dominated by a few kpc sized clumps (Genzel et al. 2011) , seen in the optical , and also in ionised (Genzel et al. 2008 ) and molecular gas (Tacconi et al. 2013 ). In the Cosmic Assembly Near-IR Deep Extragalactic Legacy Survey (CANDELS) (Grogin et al. 2011; Koekemoer et al. 2011 ) over 250.000 distant galaxies from z = 8 to 1.5 are documented, where more than half of the star forming galaxies are clumpy (Bournaud et al. 2014 , and references therein). The main origin of bound clumps is expected to be a result of in-situ gravitational disc fragmentation, as demonstrated by a large number of numerical simulations of self-gravitating gas-rich discs, either in a cosmological context (Agertz, Teyssier & Moore 2009; Dekel, Sari & Ceverino 2009; Ceverino, Dekel & Bournaud 2010; Ceverino et al. 2012) or in an isolated box (Immeli et al. 2004a,b; Bournaud, Elmegreen & Elmegreen 2007; Ceverino et al. 2012) . In general, local gravity has to overcome the stabilising effects of thermal or turbulent pressure and differential rotation. This is quantified by the parameter Q0 of Toomre (1964) . Below a critical value (Q0 < 1), axisymmetric instabilities (rings in an axisymmetric disc) can form, contract and finally break-up into several clumps (Dekel, Sari & Ceverino 2009 ), faster than spiral patterns (non-axisymmetric modes) can form. Furthermore, to finally form strongly bound clumps that later on collapse to stars, sufficient cooling is required to ensure contraction to higher densities within short enough timescales (Gammie 2001; Dekel, Sari & Ceverino 2009 ). A more detailed insight can be achieved from linear per-turbation theory (Lin & Shu 1964) . It can describe the properties of structure formation, with respect to their sizes, masses and timescales. Understanding these processes in detail is important in order to get a better view of the previous history and subsequent evolution of a disc. However, in these considerations, a razor-thin disc was assumed, characterised by its surface density Σ. Already Toomre (1964) pointed out that a disc with finite thickness leads to a reduction of the gravitational force in the midplane, where structure formation takes place. Therefore, the disc remains stable even below a Q0-value of one and a revised critical value has to be determined with Q0 < Qcrit < 1, describing the unstable regime. A self-gravitating gas disc with its isothermal vertical structure in hydrostatic equilibrium is given by the sech 2 density profile (Spitzer 1942) . Since there is no analytical solution for the reduction factor of the potential in the midplane for this profile, a good approximation is achieved by using an exponential function instead (e.g. Elmegreen 1987; Romeo 1992) , for which the reduction factor deviates from the one of the sech 2 profile with a maximum error of 14% (Kim, Ostriker & Stone 2002; Kim, Kim & Ostriker 2006; Kim & Ostriker 2007) . The critical value for the instability parameter was thus determined to Qcrit ≃ 0.647 for an exponential profile approximation by Kim & Ostriker (2007) and for the sech 2 profile to Qcrit ≃ 0.693 in Wang et al. (2010) . Moreover, the reduced self-gravity also effects the sizes of the growing structures. Griv & Gedalin (2012) estimated for an exponential vertical distribution a factor of ∼ 2 larger wavelengths for the fastest growing perturbations. These implications on stability and structure properties demonstrate the importance of considering the thickness effects. In this paper we go beyond previous work by investigating in detail how axisymmetric instabilities grow in an idealised gas disc simulation. Section 2.1 introduces the reduction factor F of self-gravity due to the thickness of a self-gravitating disc that plays an important role for the stability analysis. The dispersion relation for thick discs and their fastest growing wavelength are discussed in Section 2.2 to 2.4. From this we deduce the properties of the growing ring structures with respect to their sizes, masses and timescales (Section 2.5 and 2.7). We conclude our analysis with a simple local instability parameter and compare it with the literature (Section 2.6). Finally, we test our theory with an idealised hydrodynamical simulation (Section 3) and bring the initial structure formation in relation to the developed theory (Section 4).
ANALYTICAL MODEL

Reduction factor
In classical linear perturbation theory matter is assumed to be concentrated in a razor-thin layer with a surface density Σ. This overestimates the potential as in real discs matter is vertically arranged with the density having its maximum in the midplane where the initial structures form first. This softens the potential and requires a correction factor F in addition to modify the classical theory. Density perturbations correlate with variations in the gravitational field and are specified by the local gravitational potential Φ0, which is given by the solution of the Poisson equation in the stationary form with (e.g. Binney & Tremaine 2008; Wang et al. 2010 )
Σ is the total surface density, k the wave number, and x = R − R0 the position near a given location R0, and G is the gravitational constant. Φ0 approaches zero for low surface densities Σ and large distances z from the plane. We consider only k > 0 and replace the wavenumber by the wavelength λ = 2π/k, then
For the total potential of an axisymmetric three-dimensional disc with a finite thickness we sum-up all contributions, generated from infinitesimally thin layers at all vertical distances h, (e.g. Wang et al. (2010) )
t(h) represents the vertical distribution of the gas density and satisfies the normalisation condition
while Σ t(h) dh is the surface density of an infinitesimally thin layer that is located at h above the midplane. Then
and the total potential at the midplane, z = 0, can be expressed with Eq. (2) to
where we have defined the reduction factor
which is generally between two limits: lim λ→∞ F (λ) = 1, due to the normalisation of t(h) and lim λ→0 F (λ) = 0. Therefore, for larger wavelengths λ, Φtot (Eq. 6) behaves like the potential of a razor-thin disc (Eq. 2) and for smaller λ the potential is reduced. The transition between both regimes depends on the vertical density distribution through t(h). The vertical structure of a self-gravitating and isothermal sheet in hydrostatic equilibrium is described by a sech 2 (z/z0) profile (Spitzer 1942) , with the sound speed cs and the scale height
Hence with Eq. 4 t(h) = sech 2 (h/z0)/(2z0) and Eq. 7 leads to
The reduction factor (Eq. 9) can be integrated numerically. Alternatively, an analytical solution can be achieved by replacing the vertical sech 2 distribution by an exponential profile, which is a good approximation (Elmegreen & Elmegreen 1983; Elmegreen 1987; Romeo 1992; Kim, Ostriker & Stone 2002; Wang et al. 2010) . Then the reduction factor is
and leads to
If we substitute x = h/z0 in Eq. 9 and Eq. 10, and use the symmetry in vertical direction, the integral can be written as 
and
respectively. Both equations (Eq. 12 and 13) show a similar dependence on λ and z0, the comparison is illustrated in Fig. 1a . In principle, for a given z0, a smaller wavelength λ leads to smaller F . Much larger wavelengths λ on the other hand are required to reach the upper range of F ≈ 1. The reduction factor Fexp underestimates the numerical solution of F sech 2 , with a maximum error of 13.7% (Fig. 1b) , in agreement with the result found by e.g. Kim, Ostriker & Stone (2002) , Kim, Kim & Ostriker (2006) and Kim & Ostriker (2007) . This maximum error is reached however at λ/z0 ≃ 1.04π, which differs by roughly a factor of 2 from their result.
Modified dispersion relation
In this section, we introduce the modified local dispersion relation of Lin & Shu (1964) for geometrically thick gas discs, since it is important for our further calculations. It gives a relation between the angular frequency ω and density perturbations with wavelength λ in radial direction. Here, it indicates the possibility for growing axisymmetric perturbations, depending on the local conditions. In general, to get the dispersion relation, linear perturbation theory is employed on the hydrodynamical equations and the Poisson equation (Section 2.1) for a self-gravitating and rotating gas disc in the razor-thin limit (Binney & Tremaine 2008) . In our case, the reduction factor appears in addition and we find in the midplane for λ > 0, (e.g. Wang et al. 2010 )
with the epicyclic frequency κ and the unperturbed surface density Σ. For ω 2 > 0 the disc is stable against axisymmetric instabilities.
If ω 2 < 0, a certain range of perturbations can grow exponentially in rings. The more negative the values, the faster they grow. All parameters in Eq. 14 can change with radius for the case of an exponential surface density profile, which leads to a complex interplay between the three terms. However, in general we can say: The effect of self-gravity is destabilising, whereas the differential rotation, represented by κ 2 > 0, and the thermal pressure, with c 2 s , stabilise the disc. The dispersion relation (Eq. 14) inherits the properties of the reduction factor F (see Section 2.1). For larger perturbation wavelengths, F approaches unity which gives the solution of ω for a razor-thin layer. At smaller wavelengths, the thickness of the vertical density structure plays a stronger role and self-gravity is reduced in the midplane (e.g. Kim, Ostriker & Stone 2002) . With the reduction factor Fexp, the relation leads, with all its dependencies to the form (e.g. Shetty & Ostriker 2006; Wang et al. 2010) ,
Since there is no wavelength dependency for κ, we can derive a rotation independent form for the fastest growing perturbations in the next section.
The fastest growing perturbation wavelength for the exponential profile
The extremum of the dispersion relation as function of wavelength (Eq. 15) is determined by
We solve Eq. 16 in Appendix A analytically and get the fastest growing wavelength λ fexp . The minimum is ensured by
It marks the maximum growth rate for an unstable disc. For a disc in hydrostatic equilibrium with given z0 (Eq. 8) the solution simplifies and we can relate it to the classical solution in the razor-thin limit with
For the exponential profile approximation we get
with the constant factor Aexp ≃ 2.148 and no additional dependencies. Since the form of Eq. (17) is similar to that of the scale height in Eq. (8), we can write
which is similar to the approximation found by Griv & Gedalin (2012) with ∼ 4πz0. The reduction factor Eq. (11) then simplifies for λ fexp (Eq. 19) to a constant value
independent of the scale height. According to the solution in Eq. (20), the potential in the midplane of a razor-thin disc is therefore overestimated by 46.628% (see Eq. 6).
Fastest growing perturbation wavelength for the sech 2 profile
We follow the steps described in Section 2.3 and determine the minimum of the dispersion relation for the sech 2 -profile by using the reduction factor F sech 2 (λ, z0) with
The wavelength λ is varied iteratively for several fixed scale heights z0 until Eq. (21) reaches zero. The integral F sech 2 of Eq. (9) and its differentiation in Eq. (21) is solved numerically. We find a relation for the fastest growing perturbation wavelength that is similar to the exponential case (Eq. 18)
with A sech 2 ≃ 1.926. Expressed by the scale height it is
The error for the exponential profile approximation (Eq. 18) is therefore 11.527% compared to the numerical solution (Eq. 22), and for the thin disc approximation 48.079% (Eq. 17). Again, we get a constant reduction factor for λ f sech 2 for all z0 with
with an error of 6.061% for Fexp(λ fexp ) compared to the integral F sech 2 (λ f sech 2 ) and 37.741% for the thin disc approximation. Due to the steepness of the exponential profile in the innermost part, matter and self-gravity respectively is slightly underestimated in the midplane compared to the sech 2 distribution.
Ring properties
From the calculations above we can derive properties of the possible growing structures if locally unstable. Due to axisymmetry, radial perturbations can grow within rings, with an overdense and an underdense part of the dominant growing wavelength. The initial radial thickness of the overdense region that will be investigated in detail in our disc simulation 4.4, is defined as
and related to the scale height
For the thin disc approximation we have L0 = λ f 0 /2 and get with Eq. (22, 23) the relation
From this we can conclude that in thick discs, the initial radial ring widths are much larger than the scale height and than in the razorthin limit assumed.
The total mass of a ring can be estimated to first order as
which gives
where R is the location of the maximum of the density perturbation.
Local disc instability parameter
Here we derive a local dimensionless stability parameter for a disc with finite thickness, following the example of Toomre (1964) for an infinitesimal-thin gas disc with
In contrast to other derivations we apply the fastest growing wavelength on the dispersion relation to determine the parameter Q. The disc is locally unstable for axisymmetric instabilites if Q0 < 1. Q0 can be obtained from the unmodified dispersion relation ω 2 0 , for Eq (14) with z0 = 0. The global minimum of the dispersion relation determines the fastest growing λ f 0 (Eq. 17) and therefore is the 'last' possible wavelength which could grow if an unstable disc turns over to stability (from ω 2 < 0 to ω 2 ≥ 0). The transition is given by ω 2 0 (λ f 0 ) = 0 and by rearranging, it leads to the expression given in Eq. (30) with Q0 = 1. In a similar way we proceed with the modified dispersion relation (Eq. 14) for the sech 2 density profile and with the fastest growing wavelength we have
We insert λ f sech 2 (Eq. 22) to get
Now, we substitute the classical parameter Q0 (Eq. 30) and get
with the constant proportionality factor
There is thus a simple linear relation between the thin disc approximation and a disc with finite thickness. The error of using Q0 = 1 is 30.411%. The line of neutral stability, Q sech 2 = 1, corresponds to Q0,crit ≃ 0.696, which is very similar to the approximation from Wang et al. (2010) The radial setup properties of the gas disc with the (a) declining exponential surface density profile Σ(R) (Eq. B1), (b) the increasing scale height z 0 (R) (Eq. B5), (c) the total rotation curve Vrot(R) (see Section 3.2) and its decomposition into the contribution of the dominating dark matter halo, the gas disc and its correction due to the pressure gradient.
Timescales
To get an estimation of the fragmentation timescales, we calculate the time at which the amplitude of the fastest growing disturbance has increased by a factor of e. For negative ω 2 the growth rate p is −p 2 = ω 2 and the amplitude of a perturbation grows with exp(p t) (Binney & Tremaine 2008) . For an increase by a factor of e the growth timescale is t = 1/p. For the thin disc approximation
and expressed by the Q0 parameter
By taking the thickness with the sech 2 profile into account, we get the general form
and by substituting λ f sech 2 with Eq. (22) and inserting Q0 it leads to
which goes to infinity for a marginally stable disc.
NUMERICAL MODELLING
In order to test our theoretical framework, we employ simulations of an idealised gas disc. In the following we describe the code and the disc model.
The simulation code
We use the hydrodynamical AMR (adaptive mesh refinement) code RAMSES (Teyssier 2002 ) to perform simulations of a selfgravitating isolated gas disc with an isothermal equation of state (EoS), embedded in a dark matter halo. Since we are interested in the early phases without any strong discontinuities, here the Euler equations are being solved with the local Lax-Friedrichs scheme (LLF). The dark matter is handled as a static external density field The disc is unstable between radius R = 0−10.517 kpc and the stable part is illustrated by the blue shaded region. The exponential profile approximation (dashed line), gives a slightly more stable disc and therefore results in a smaller unstable region (see Section 2.6). The thin disc approximation, for z 0 = 0, with Toomre's Q 0 (dotted line) (Eq. 30), overestimates the instability dramatically, in intensity and with respect to the extent of the unstable region.
added to the source term in the Poisson solver. The mesh in the 48 kpc simulation box is structured by nested AMR grids from the coarsest level of 187.5 pc outside the disc to a maximum resolution of ∆xmin = 5.86 pc inside, for the densest regions, employing an effective resolution of 2 8 − 2 13 grid cells in all three direction. At each resolution level we ensure that the Jeans length is resolved by at least 18 grid cells (see Section 3.3).
Disc model
We perform simulations of a massive gas disc M disc = 2.7 × 10 10 M ⊙ embedded in a spherical dark matter halo that within 16 kpc has a mass of MDM = 1.03 × 10 11 M ⊙ following the Burkert (1995) density profile with a scale length a0 = 4 kpc. The gas temperature is 10 4 K and the disc has an exponential surface density profile with scale length h = 5.26 kpc and truncation at R d = 16 kpc (Fig. 2a) . The central density is ρc = 3 M ⊙ pc −3 . The parameters were chosen to resemble an initially unstable massive high-redshift disc galaxy (Genzel et al. 2011) , with a relatively large scale length, and a stable outer part with a relatively flat rotation curve. The disc setup is initially in vertical hydrostatic equilibrium (see Appendix B), which naturally leads, for an isothermal disc, to an increasing scale height with radius (Fig. 2b) , see also Wang et al. (2010) . Hydrodynamical equilibrium is achieved by following the steps described in Wang et al. (2010) , with the total rotation curve as shown in Fig. 2c , which consists of the contributions of the gas disc and the dark matter halo. For our sech 2 -profile, the disc is unstable for axisymmetric perturbations between Ru = 0 − 10.517 kpc (solid line in Fig. 3) , becoming more stable for larger radii and totally stable for R ≥ 10.517 kpc. The exponential profile approximation assumes a slightly more stable disc with a smaller unstable regime Rexp = 0 − 9.58 kpc (dashed curve in Fig. 3 ). Using the classical Toomre Q0, that is ignoring z0, leads to a much more unstable disc between R0 = 0 − 14.47 kpc (dotted curve in Fig. 3 ). To form gravitationally bound clumps, an efficient cooling is needed (Gammie 2001; Dekel, Sari & Ceverino 2009 ). This is ensured by the isothermal EoS, which keeps the temperature at 10 4 K at all densities.
Numerical considerations
To avoid artificial fragmentation in gravitationally collapsing gas, the Jeans length has to be resolved by at least four cells NJ = 4 (Truelove et al. 1997 ). Ceverino, Dekel & Bournaud (2010) found convergence in their simulations in clump numbers and masses by resolving the Jeans length with at least seven elements, NJ = 7, at each refinement level. Furthermore, it is also crucial to resolve the midplane sufficiently, where the structures in the disc form first. Too low resolution cannot represent the higher densities there, which can lead to an unreasonable structure formation. Due to the Jeans length refinement and the density distribution of the disc, the initial AMR grid has a resolution gradient, with smaller cells in the galactic centre and larger ones at larger radius and height. The scale height is represented with at most two cells for NJ = 7, and by increasing the number in test simulations, we found, that the ring-like structures emerge properly from the disc for NJ ≥ 18 grid cells per Jeans length, which corresponds to 5 cells per scale height at all radii. For too low resolution, rings break into spiral-like features, as expected for higher values of Q inside the stable regime. The isothermal EoS keeps the disc scale height constant and therefore ensures, that it is sufficiently resolved until the structures begin to grow. The disc is isothermal with 10 4 K. However to ensure the Jeans condition for higher densities also at maximum resolution, we add an artificial pressure floor Agertz, Teyssier & Moore 2009) 
where mH is the atomic mass of Hydrogen, kB the Boltzmann constant, γ = 1 the adiabatic index, ρ the density and N = 18 the number of resolution elements per Jeans length for the smallest scales ∆xmin. This does not affect the global physics of fragmentation, but it prevents the ring structure and fragmenting clumps from collapsing down to the resolution limit. Figure 5 . Minimum of the dispersion relation ω 2 sech 2 = ω 2 (λ f sech 2 ) (Eq. 14) in absolute values (black lines) and its decomposition (coloured lines) at every radius. The negative gravitational term (green) of Eq. 14 dominates the unstable regime (black dashed line), while the positive contributions become more important in the stable regime (black solid line). The stabilising terms (orange) consist of the epicyclic frequency term (red), with κ 2 and the pressure term (cyan), with c 2
. The effects of the epicyclic frequency and the pressure are comparable in the inner part of the disc, while κ 2 dominates for larger radii.
RESULTS
Perturbation theory
From the theoretical framework in Section 2.4, we can derive the possible growing wavelengths for our disc model (Fig. 4a) in the unstable regime Ru = 0 − 10.517 kpc. The fastest growing perturbation wavelength is different for every radius and increases outwards. For the sech 2 profile the range lies between λ f sech 2 = [0.393, 2.862] kpc, while the exponential profile approximation would indicate λ fexp = [0. 438, 3.191 ] kpc and in the razor-thin disc approximation we have λ f 0 = [0.204, 1.486] kpc. For axisymmetric disturbances the dispersion relation holds so long as |kR|≫ 1 (Binney & Tremaine 2008) , which is |2πR|≫ λ f sech 2 and here fulfilled for R ≫ 63 pc and λ f sech 2 ≫ 392.7. The growth rate is decreasing the larger the difference between λ and λ f sech 2 (Fig. 4) and reaches zero at the maximum range. At every radius there are two wavelengths with the same growth rate p sech 2 = −ω 2 sech 2 , a smaller and a larger one, relative to λ f sech 2 . With decreasing growth rate the asymmetry in the difference between λ and the corresponding fastest growing wavelength is increasing. In general, the smaller perturbation wavelengths in the disc centre can grow faster than the larger ones in the outer regime. The dispersion relation ω 2 (Eq. 2.4) can be divided into a destabilising term (negative), which is dominating the unstable regime Ru, and stabilising terms (positive), taking over in the stable region, see Fig. 5 . The stabilising contribution in the disc centre is due to pressure (expressed by cs) and differential rotation (expressed by κ 2 ), while going outwards, the epicyclic frequency is more important than pressure.
General evolution of the surface density
Axisymmetric overdensities (rings) are forming inside-out (Fig. 6) , as expected from our considerations in Section 4.1. They grow dis- density profile (solid) (Eq. 22), the exponential density approximation (dashed) (Eq. 18) and the razor-thin disc treatment (dotted) (Eq. 17). The coloured solid lines represent unstable wavelengths with growth rates p sech 2 = −ω 2 sech 2 (Section 2.7) that are a fraction of the fastest growth rate −ω 2 sech 2 (Eq. 14) and the white area is the complete region of possible growing perturbations. The transition to the stable regime (blue shaded region), with zero growth, is given by the blue solid lines. (b) The dispersion relation at different radii (coloured lines) gives the growth rate as a function of wavelength and represents slices of (a). The minimum of each R gives the fastest growing perturbation wavelength with λ f sech 2 at that radius (black line).
cretely at a certain radius, and their surface density increases, while they accrete mass from the inter-ring regions. At a certain point they begin to collapse to a thin circular line and finally break-up into several bound clumps. A highly irregular and clumpy disc is developing within 500 Myr. The first structures become visible in the surface density after 50 Myr (Fig.6 (a),(b) ) and evolve to distinct rings (Fig. 6 (c)-(h) ). At later times, outer rings form with larger radial widths and on longer timescale (Fig. 6 (i)-(p) ). The last visible ring cannot fully evolve, since it is getting disturbed by the inner clumpy structure (Fig. 6  (k)-(p) ).
Perturbation growth
The appearing rings are a result of growing perturbations of the dominant modes, from a very small density perturbation seed, caused by a superimposed wave spectrum, due to the initial AMR grid. To follow this process, we determine the relative changes of the surface density compared to the initial disc for several timesteps. Due to axisymmetry, we only consider one quadrant of the disc and average the surface density azimuthally within ∆R = 20 pc bins. At each time-step, we substract the initial surface density profile from the current one (δΣ = Σt − Σ0). This method is only possible, because of the, initially, relatively well balanced disc setup, and gives the quantities, which arise from the perturbation growth with a relatively clear measurable signal (see Fig. 7 ). We measure the initial seed overdensities with δΣ(t = 0) ∼ 10 −6 M ⊙ pc −2 . They grow up to maximum values δΣ(t) ∼ 10 5 M ⊙ pc −2 over time within the clumps. In Fig. 8 we limit the range to δΣ = 10 −2 − 8 × 10 2 M ⊙ pc −2 to illustrate the amplitude of the ring overdensities. Most of the low density disturbances disappear very early in the evolution. Only a few survive and lead to very high densities, form rings and finally fragment into a clumpy, disordered structure. The innermost ring, R1, Figure 7 . δΣ profiles of rings R4 and R5 as function of time, to illustrate the clear growth of the ring structure and its wave shape character. At earlier times, superimposed fluctuations with different wavelengths and similar amplitudes appear, which makes it difficult to quantify the inflection points of the dominant wave (see Fig. 8 ). Later, one dominant wave establishes itself from the spectrum, which can be already identified at very early times.
is moving slightly outwards and comes very near to the second one, R2, while it is growing and finally begins to absorb R2 completely before it can break up into fragments. The rings R3, R4, R5, R8, R9 remain well isolated during their evolution. R7 is moving towards R6, while it is fragmenting (see also Fig. 6 (e)-(g) ). R10 and R12 are not fully developing. While R12 is disrupted by the clumpy structure further in, before its fragmentation, R10 is moving outwards and is merging into a new maximum together with R11, which is causing the shift inward of R11 at roughly t = 200 ⊙ pc 2 ) face-on view of the gas disc simulation at different timesteps. To illustrate the growing rings better, we limit the range of the visible densities. The upper limit is given by 1.8 × 10 3 M ⊙ pc −2 , while densities of ∼ 10 5 M ⊙ pc −2 are reached within some clumps. Figure 8 . Growth of the overdensities δΣ(t) (relative extrema) over time and radius (see Section 4.3). The colour and the size of the circles illustrate the amplitude of the relative maxima, whereas the grey circles represent the minima. To quantify the size of the fastest growing perturbation wavelength we use the distance ∆I between the inflection points (dark-blue and cyan lines), corresponding to the overdense region of the ring L sech 2 (see Fig. 9 ). It is difficult to determine the growing perturbations in the initial fluctuation spectrum ( See Fig. 7) . We therefore specify the location of the inflection points when they have clearly formed (tg), that is shortly before they begin to collapse (open squares). The star symbols mark the time t ⋆ when the density perturbations have gravitationally collapsed, shortly before they break-up into clumps. The collapse timescale ∆t is the difference between tg and t ⋆ . ∆E is the distance between the maxima and their minima to the right at tg. The clumpy disc is represented by the chaotic upper part of the plot.
Myr. During the merging, R10 is not detectable as a maximum because of its small amplitude.
Ring properties
To quantify the radial thickness of the rings, which is half of the fastest growing wavelength, we measure the distances between the inflection points ∆I of the perturbation (see Fig. 8 ). In the beginning, it is difficult to determine them from the low amplitude superimposed wavelength spectrum (e.g. Fig. 7) . Therefore, we consider for the inflection points only the clearly evolved rings, a few timesteps before they begin to collapse due to self-gravity at time tg. There we reach the time, when the rings' self-gravity is strong enough to begin the collapse. The minimum distance of the inflection points we define as the time t ⋆ , just before the rings break-up into clumps (marked with the symbol ⋆ in Fig. 8) . Additionally, as a second constraint for the wavelength, we measure the distance ∆E between the relative maxima and minima (to the right, shown by the grey circles in Fig. 8 ) at time tg. The radial sizes ∆I and ∆E, measured at tg (see Fig. 9 ), are in good agreement with the theoretical expectations for the sech 2 profile (see Section 2.5). The relative maximum of R11 is moving slightly inwards but not its already strongly evolved minimum, which causes the deviation from the expectation. The thin disc approximation assumes too small and the exponential density approximation slightly too large structures. At time tg we can also determine the positions of 8 rings within the disc (Fig. 10) and compare them to the theory in two ways. First, we take the positions of every measured ring and add radially to each the theoretical local perturbation wavelengths λ f sech 2 . This indeed gives us the opportunity to infer the distances to each of the next growing ring position, within small deviations. Most of the rings can be explained by this method, only Ring R9 has a larger deviation from the expectation. Furthermore we also expect an additional ring R10, at R ∼ 7 kpc, which is seen as an early phase in the evolution with its corresponding minima (see Fig. 8 ), distances ∆I distances ∆E Figure 9 . Theoretically derived radial thickness of the rings, which is half the fastest growing wavelength (see Section 2.5) at every radius (lines). L sech 2 and L 0 (Eq. 27) correspond to the vertical sech 2 density profile and to the thin disc approximation respectively. For the vertical exponential profile approximation Lexp = λ fexp /2 we use Eq. 18. The data points are measured in the simulation at times tg, when the rings begin to collapse. The yellow circles correspond to the distances between the inflection points ∆I of the rings, the open circles give the distances between maxima and the minima ∆E, of the radial density distribution for one perturbation wavelength. For the rings R2 and R12, tg is not well defined, hence we measure ∆E at t = 50.7 Myr and t = 280.3 Myr respectively. The density maximum of ring R11 is moving during its evolution (between t ∼ 200 − 225 Myr) and the positions for both times are given by the open circles. Its minimum is not moving, which is causing the huge deviation from the expected value. Here we assume that the local fastest growing perturbation wavelength gives the distance to the next growing ring from inside-out. The blue crosses correspond to the sech 2 density profile and the green to the thin disc approximation. The orange data points show the measured positions of the relative density maximum at the time tg (see also explanation in Fig. 9 ). For the black data points we calculate the local perturbation wavelength relative for each orange data point to get every relative distance ( sech 2 profile). The maxima of ring R11 is moving slightly inwards, therefore two data points are given. Figure 11 . Demonstration of the different timescales (see Section 2.7 and Fig. 8 ). The solid black line gives the theoretical timescale t sech 2 , in which the perturbations can grow by a factor of e. The open squares give the time tg when the ring-like structures begin to collapse, the star symbols the time t ⋆ , when they reach the minimum thickness, shortly before breaking up into clumps. The tg measurements follow 7.2×t sech 2 (red dashed line) and the data for t ⋆ is close to 9.3 × t sech 2 (black dashed line). The resulting collapsing timescale ∆t between these two timescales is 2.1×t sech 2 (green dashed line) and is very similar to the dynamical crossing time t dyn in the inner region (R ≤ 3.5 kpc). The dash-dotted line gives roughly the position of R12 and shows that the expected theoretical fragmentation is at very late times, compared to the ring structures that develop inside the disc. The thin disc approximation gives a far shorter timescale (dotted line), and predicts fragmentation even in the already stable region according to our theory (blue shaded).
but which merges with R11. Alternatively, we start at a point near to the disc centre, take only the theoretically calculated local perturbation wavelength λ f sech 2 and add it to infer the next position from where we repeat the process until the end of the unstable regime. All the following theoretical ring positions are dependent on the first ring. This is shown in Fig. 10 . We choose the theoretical position of R1, in order to match most of the growing rings in the simulation. In our selection we are in quite good agreement with the measured rings, again an additional ring R10 is expected. If we repeat the same by using the perturbation wavelength λ f 0 for the thin disc approximation, the expectation with 24 rings for the unstable regime of the thin disc approximation is very different from the result of our simulation.
Timescales
Here we compare our disc simulation to the the timescale t sech 2 (2.7), when the perturbation density Σ has increased by a factor of e (Fig. 11) . The growth time remains rather short up to ∼ 6 kpc and finally rises strongly and goes to infinity at Q sech 2 = 1. If we rewrite Eq. 38 by inserting Q0 we get
with the constant factor D = πG C sech 2 cs 2 and the only two radial dependent parameters Σ and κ. The surface density, which plays a destabilising role, and the epicyclic frequency which stabilises, decrease both with radius, but Σ decreases faster, especially for the last third of the unstable regime. The rings begin to collapse at tg ≈ 7.2 × t sech 2 (dashed red line), and reach maximum density . We replot Fig. 8 and normalise time by the local t sech 2 which is the theoretical time, when the perturbations have grown by a factor of e. Like in Fig. 8 the open squares represent the measured times tg when the rings begin to collapse. To good approximation 7.2 × t sech 2 (red dashed line). The star symbols mark the times t ⋆ when the collapse stops, shortly before they break-up into clumps (measurements only for the fragmenting rings). To good approximation 9.3 × t sech 2 (black dashed line). This illustrates that the ring-like structure growth in density follows the radial dependence of t sech 2 .
at t ⋆ ≈ 9.3 × t sech 2 (dashed black line), when the simulation attain the resolution limit. The collapsing timescale ∆t therefore is 2.1 × t sech 2 , which is very similar to the dynamical crossing time t dyn = R Vrot for the inner R = 3.5 kpc, but is much larger with increasing radius. For the timescale t0 of the thin disc approxmiation we couldn't find a factor to describe the measured times tg and t ⋆ . Additionally, we normalise every point in Fig. 8 by the local timescale t sech 2 and plot it in Fig. 12 . Here one can more clearly see the connection of the formation of structures to the theoretical timescale t sech 2 .
DISCUSSION AND CONCLUSIONS
We studied the structure formation due to gravitational instability in a self-gravitating gas disc in greater detail. The axisymmetric perturbation theory is revisited by taking its finite thickness with a typical vertical sech 2 density profile into account. To test our theory, we employed idealised simulations of an isothermal gas disc in hydrodynamical equilibrium, unstable to axisymmetric perturbations. Our analytical theory shows: (i) In the unstable regime, the fastest growing perturbation wavelength λ f sech 2 of a vertical sech 2 density profile is always 1.926 times larger than in the classical razor-thin disc approxi-
and differs therefore by 48.079%. The widely used approximation of an exponential profile leads to a wavelength λ fexp which is always 2.148 times larger than λ f 0 and gives an error of ∼ 11.527% compared to λ f sech 2 . These ratios are independent of the disc scale height and therefore the temperature or surface density of the disc and lead to a simple correlation between λ f sech 2 and λ f 0 in hydrostatic equilibrium.
(ii) In contrast to other derivations we apply the fastest growing wavelength on the dispersion relation to determine the Toomre instability parameter and find for thick discs with a sech 2 profile the critical value Q0,crit ≃ 0.696 which is very similar to the value found by Wang et al. (2010) with Q0,Wang ≃ 0.693. For the exponential density approximation we found the same value as in Kim, Ostriker & Stone (2002) with Q0,KOS ≃ 0.647. Also here, the relations to the razor-thin disc instability parameter are independent of the disc scale height. The classical Toomre Q parameter overestimates local self-gravity and leads to the assumption of a too large radial unstable regime, while the exponential approximation underestimates local self-gravity and infers a slightly too small unstable region in our disc model. In order to test the analytical solution and to explore the transition into the highly nonlinear regime, we compare it with our hydrodynamical simulations and can conclude:
(i) In the first phase, rings form that organise themselves discretely, with distances corresponding to the local fastest growing perturbation wavelength λ f sech 2 (R). The radial thickness of the measured overdensity is compatible to half of the wavelength L sech 2 (R) = λ f sech 2 (R)/2. The total number of growing rings is for the thin disc approach overestimated by a factor of two. For an isothermal disc, both features, ring size (radial thickness) and distance, increase with radius where also the timescales increase steeply when approaching the stable regime. While the perturbation wavelength is only dependent on sound speed and surface density (Eq. 22), the stability and growth time is additionally dependent on the differential rotation, as κ is proportional to the angular frequency Ω (Eq. 40). The initial perturbation spectrum is seeded by the AMR grid, however, the fastest growing modes agree with the analytical theory and later on dominate.
(ii) The individual rings grow exponentially in density, and later on contract to thin and dense circular lines, while at the same time accreting more gas from the inter-ring regions. We determine the collapsing timescale ∆t to be 2.1 × t sech 2 , which is similar to the dynamical crossing time within the inner 3.5 kpc and strongly deviates for larger radii. We estimate the ring mass to be MRing = 2πΣ(R) R λ f sech 2 , where R is the location of the maximum of the density perturbation. In the thin disc approximation the mass is underestimated by 48.079% due to the linear proportionality of the mass to the fastest growing wavelength.
(iii) The dense and thin circular, ring-like filaments finally fragment into a large number of clumps. The clump sizes are not correlated to the initial radial ring widths anymore and cannot be predicted from the simple perturbation theory, which is typically assumed. The individual clump masses are determined by the breakup of the rings in an evolutionary phase, where they already developed high-densites. At this point the role of axisymmetric perturbations, the resolution limit and the artificial pressure floor has to be investigated in greater detail, which will be studied in an upcoming publication.
(iv) In order to guarantee proper growth of the initial ring structures, we find that simulations have to resolve the initial Jeans length in the disc midplane with more than 18 grid cells, which corresponds to about 5 cells per disc scale height. .
With the scale height z0 Eq. (8) and the fastest growing wavelength λ f 0 Eq. (17) of the thin disc approximation, which simplifies to λ fexp (Σ, cs, z0) → λ fexp (Σ, cs) → λ fexp (λ f 0 ), and is 
leading finally to
where we call the constant factor Aexp ≃ 2.148.
APPENDIX B: HYDROSTATIC EQUILIBRIUM
In this section we describe how to bring our isothermal disc in hydrostatic equilibrium. We proceed with two requirements: 1. The disc has to have an exponential surface density
with the central surface density Σ0 and the scale length h. 2. A self-gravitating gas disc with its isothermal vertical structure in hydrostatic equilibrium is given by the sech 2 density profile (Spitzer 1942) ρgas(R, z) = ρ(R, 0) sech
where we keep the midplane density distribution ρ(R, 0) unknown and the scale height z0(R) a radial dependent quantity (Wang et al. 2010) . The surface density is the integral over the vertical gas distribution (Eq. B2) and gives
ρgas(R, z) dz = 2 ρ(R, 0) z0(R),
and is therefore with our first requirement (Eq. B1)
where the scale height for the constant cs is (Wang et al. 2010; Binney & Tremaine 2008) z0(R) = cs 2πG ρ(R, 0)
.
Equations B4 and B5 lead to
with the constant central density 
The calculation does not take an external potential into account and, therefore, requires the vertical force of self-gravitating gas to dominate the external dark matter halo potential within the disc (see Wang et al. (2010) ):
Fz,gas ≫ Fz,DM,
which is fulfilled for our disc setup (see Fig. B1 ).
